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Abstract
We are interested in properties of coe)cients of certain expansions of the classical theta functions. We
show that they are solutions of a di*erential system derived from the heat equation. We plan to explicitly
give expressions of these coe)cients.
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1. Expansions of theta functions
Consider the Fourier series expansions of Jacobi theta functions j(v; ); j = 1; 2; 3; 4, and their
in9nite product. We know, for example, the following equation:
4(v; ) = 1 + 2
∑
n¿1
(−1)nqn2 cos(2nv);
where q= ei.
Let (2!; 2!′) be the periods of the Weierstrass elliptic function ˝(z;!;!′).
We proved (see [1,2, Corollary 2.3]) this function ˝(z;!;!′) has the following expansion as
power series of sines:
˝(z + !′) = e3 −
∑
p¿1
a2p(!;!′)
(
sin
z
2!
)2p
;
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where a2(!;!′) = (!=)2(g2 − 12e23), e3 =˝(!′) and the other coe)cients verifying the recurrence
conditions for p¿ 1:( 
2!
)2
[(2p+ 2)(2p+ 1)a2p+2 − 4p2a2p]− 12e3a2p + 6
∑
0¡r¡p
a2ra2p−2r = 0:
All four theta functions are entire functions of v. All are periodic, the period of 1 and 2 is 2,
and that of 3 and 4 is 1. We can choose any of these four theta functions and then de9ne the
remaining three in terms of the one chosen.
We prove the following.
Theorem 1. The theta function may be expressed in the form
4(v; ) = 4(0; ) exp

∑
p¿1
c2p()(sin v)2p

 ;
where the coe7cients c2p verify the recursion formula
(2p+ 2)(2p+ 1)c2p+2()− 4p2c2p() = 232 a2p(1; );
where c2 = 122 
′′
4 (0; )=4(0; ).
Moreover, the above expression of 4 is valid in the strip |Im v|¡ 12 Im .
Proof. Write = !′=! and v = z=2!. The following relation between the zeta Weierstrass function
and the classical theta function is well known (see [3, Section 13.20, formula (3)])
(z) =

!
z +
1
2!
d log 1(v)
dv
;
where
=− 1
12!
′1′′(0)
′1(0)
:
Moreover, since (d=dz)(z) = −˝(z) we then get the relation between ˝(z;!;!′) and the second
derivative of theta function,
˝(z) =
(
1
2!
)2 [
−4!− d
2 log 1(v)
dv2
]
or
˝(z + !′) =
(
1
2!
)2 [
−4!− d
2 log 4(v)
dv2
]
: (1)
Furthermore, we consider homogeneity properties of the Weierstrass function, since !2˝(z;!;!′)=
˝(z=!; 1; !′=!). We also proved in [2] that
4!2
2
a2p(!;!′) =
4
2
a2p(1; ):
Thus, without loss of generality, we may assume that != 1.
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From (1) one obtains the recursion formula for the coe)cients c2p. A calculation gives c2 =
1
22 
′′
4 (0; )=4(0; ).
For the convergence of the series
∑
p¿1 c2p()(sin v)
2p we can use the same technics of [2]
(see in particular Theorem 2.1).
2. The heat equation
It is known that j(v; ); j = 1; 2; 3; 4 are solutions of the partial di*erential equation
@2y
@v2
= 4i
@y
@
:
In considering the above equation, we may write a system of di*erential equations in  satis9ed by
the coe)cients c2p.
Theorem 2. Coe7cients c2p() de8ned by Theorem 1 are solutions of the following di:erential
system:
4i

c′2p = (2p+ 2)(2p+ 1)c2p+2 − 4p2c2p
− 4
p−1∑
m=1
mc2m[(p− m)c2p−2m − (p− m+ 1)c2p−2m+2]: (2)
where c′2p = dc2p=d.
In particular, the coe7cient c2() verify the di:erential equation
3c4()− c2() + c22() =
i

dc2()
d
: (3)
Proof. Indeed, the heat equation may be rewritten as(
y′
y
)′
+
(
y′
y
)2
= 4i
@ log y
@
; (4)
where y′ = @y=@v. A calculation gives(
′

)
= (cos v)
∑
16p
2pc2p(sin v)2p−1: (5)
We also get
∑
16p
2pc2p(sin v)2p−1


2
=
∑
16p

 ∑
16m6p
4m(p− m+ 1)c2mc2p−2m+2

 (sin v)2p: (6)
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We then obtain
(
′

)2
= 2(1− sin2 v)

∑
16p
2pc2p(sin v)2p−1


2
= (−42)
∞∑
p=1
[
m=p∑
m=1
(p− m)mc2mc2p−2m − (p− m+ 1)mc2mc2p−2m+2
]
(sin v)2p:
Furthermore,(
′

)′
= 2c22 + 2
∑
16p
[(2p+ 2)(2p+ 1)c2p+2 − 4p2c2p](sin v)2p: (7)
Finally, by identi9cation we may deduce the following:
4i

dc2p
d
= (2p+ 2)(2p+ 1) c2p+2 − 4p2 c2p
− 4
p∑
m=0
(p− m)mc2mc2p−2m − (p− m+ 1)mc2mc2p−2m+2: (8)
Thus, the coe)cients c2p() are solutions of the di*erential system
4i

c′2p = (2p+ 2)(2p+ 1)c2p+2 − 4p2c2p
+4
p−1∑
m=0
mc2m[(p− m)c2p−2m − (p− m+ 1)c2p−2m+2]:
3. Expression of the coecients
System (2) de9ned for p¿ 1 given by Theorem 2 can be explicitly solved. We will give an
expression of their solutions c2p().
We shall consider di*erent trigonometric expansions of the logarithm of the theta function. We
will state relations between coe)cients of these expansions.
We 9rst determine the coe)cient c2() which is a less di)cult case.
Proposition 3. The coe7cient c2() of the expansion of theta function given by Theorem 1 may
be written in the forms
c2() =−4
∑
n¿1 (−1)nn2qn
2
1 + 2
∑
n¿1 (−1)nqn2
= 4
∑
n¿1
q2n−1
(1− q2n−1)2 = 4
∑
n¿1
nqn
(1− q2n) :
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The last expression is obtained using the formula
z
(1− z)2 =
∞∑
k=1
kzk
with z = q2n−1.
From Theorem 1 we have
22c2 =
′′4 (0)
4(0)
:
Furthermore, we know that
4(v) = 1 + 2
∑
n¿1
(−1)nein2 cos(2nv):
Therefore, 4(0) = 1 + 2
∑
n¿1 (−1)nein
2 and
′′4 (0) =−82
∑
n¿1
(−1)nn2ein2:
Furthermore, since we have (see [5,6, p. 471])
′′4 (0)
4(0)
= 82
∑
n¿1
q2n−1
(1− q2n−1)2 ;
we then get the second expression of c2; where q= ei.
Now, in comparing di*erent expansions of theta function we are able to state expressions of
coe)cients c2p(). In order to do that, recall the Fourier series expansion of the theta function as
in9nite product (see [3, Section 13.19, formula (17), 4])
4(v; ) = 4(0; ) exp
[
4
∑
n
qn
1− q2n
(sin nv)2
n
]
: (9)
Comparing with the expansion given by Theorem 1
4(v; ) = 4(0; ) exp

∑
p¿1
c2p()(sin v)2p

 ;
we get
Theorem 4. The coe7cients c2p de8ned by Theorem 1 may be written in the form
c2p() = (−1)p+122p
[
qp
p(1− q2p) + 2
∑
m¿p
(
m+ p− 1
m− p− 1
)
qm
(m− p)(1− q2m)
]
:
In particular, we 8nd again
c2() = 4
∑
n¿1
nqn
(1− q2n) ;
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Proof. It su)ces to remark that
cos(2n) =
(−1)n
2
(2 sin )2n +
n−1∑
k=0
(−1)n+k+1 n
k + 1
(
2n− k − 2
k
)
(2 sin )2n−2k−2:
Write now cos(2n) =
∑n
p=0 b2p;n(sin )
2p; where
b2n;n = (−1)n22n−1; and b2p;n = (−1)p22p nn− p
(
n+ p− 1
n− p− 1
)
for n = p:
Furthermore, we shall identify the expression of 4(v; ) given by Theorem 1 and its classical Fourier
series of log 4(v; ).
So, we may write
log
4(v; )
4(0; )
= 2
∑
n¿1
n − 2
∑
n¿1
n cos(2nv) =
∑
p¿1
c2p()(sin v)2p;
where n = qn=(n(1− q2n)).
So, we obtain the relations
c2p =−2
∑
n¿p
nb2p;n = (−1)p+122p
[
p +
∑
n¿p
2qn
(n− p)(1− q2n)
(
n+ p− 1
n− p− 1
)]
:
Thus, we get
c2p =−2(−1)p22p−1 q
p
p(1− q2p) + (−1)
p+122p+1
∑
m¿p
(
m+ p− 1
m− p− 1
)
qm
(m− p)(1− q2m) :
In particular,
c2 = 22
q
1− q2 + 8
∑
m¿1
(
m
m− 2
)
qm
(m− 1)(1− q2m) :
c2() = 22
q
1− q2 + 4
∑
m¿1
mqm
(1− q2m) = 4
∑
n¿1
nqn
(1− q2n) :
3.1. Remarks
(i) Moreover, we have seen before (see [2]) that the double family of coe)cients a2p and c2p,
have analogous properties under the action of the modular group  (1). For example, when we
examine the theta relation 4(v+ 12 ; + 1) = 4(v; ), we 9nd
c2p(+ 1) = (−1)p
∑
k¿p
(
k
p
)
c2k(); (10)
which is similar with the relation satis9ed by the coe)cients a2p.
Equality (10) combined with system (2) permit to obtain other relations between the coe)cients.
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(ii) From Theorem 3 it is also possible to determine expressions of c2p: Indeed, knowing c2(),
Eq. (3) gives
c4() =
1
3
c2()− 13 c
2
2() +
i
3
dc2()
d
;
which gives c6() in turn. So by induction we may determine all the coe)cients c2p().
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